In the spirit of the theoretical evolution from the Helmholtz model to the GouyChapman-Stern model for electric double-layer capacitors, we explored the effect of a diffuse layer on the capacitance of mesoporous carbon supercapacitors by solving the Poisson-Boltzmann (PB) equation in mesopores of diameters ranging from 2 to 20 nm. To evaluate the effect of pore shape, both slit and cylindrical pores were considered. We found that the diffuse layer does not affect the capacitance significantly. For slit pores, the area-normalized capacitance is nearly independent of pore size, which is not experimentally observed for template carbons. In comparison, for cylindrical pores, PB simulations indicate a trend of slightly increasing area-normalized capacitance with pore size, similar to that depicted by the electric double-cylinder capacitor model proposed earlier. These results indicate that it is appropriate to approximate the pore shape of mesoporous carbons as being cylindrical and the electric double-cylinder capacitor model should be used for mesoporous carbons as a replacement of the traditional Helmholtz model.
I. INTRODUCTION
Electrochemical capacitors, or supercapacitors, are electrochemical energy-storage devices characterized by high power densities and exceptional cycle lifetime. 1 Supercapacitors are often termed electric double-layer capacitors (EDLCs), because they store energy physically using the charge separation in the electric double layers (EDLs) formed at electrode/electrolyte interfaces. [1] [2] [3] [4] [5] Mesoporous carbon materials (pore size from 2 to 50 nm) are widely used for EDLCs, partly because mesoporous carbons are excellent conductors and are inexpensive. [6] [7] [8] [9] The high specific surface area of carbon materials originates primarily from the internal surface of mesopores and is responsible for considerably higher energy densities of EDLCs compared to conventional dielectric capacitors. This feature makes mesoporous carbon-based EDLCs ideal to complement or even substitute batteries in many energy storage applications.
Developing an accurate capacitance model for EDLCs is important for the performance optimization of EDLCs. The simplest EDLC capacitance model is based on von Helmholtz's description of the EDL, 10 as depicted in Fig. 1(a) and Eq. (1):
where e r is the dielectric constant in the EDL, e 0 the vacuum permittivity, A the electrode-specific surface area, and d the EDL thickness. However, the actual EDL structure is far more complicated for low concentration electrolytes: in addition to the compact Helmholtz layer, a diffuse layer develops inside the electrolyte due to the thermal motion of counterions, as illustrated in Fig. 1(b) . The extension of the diffuse layer into the bulk electrolyte (i.e., away from the electrode) is primarily determined by the electrolyte concentration. This more sophisticated picture of the EDL is usually described using the GouyChapman-Stern (GCS) model. 10 Although simple, the Helmholtz model [Eq. (1)] has been used in the EDLC field for decades. This seems reasonable for relatively high electrolyte concentrations (e.g., 1 M H 2 SO 4 , 6 M KOH, or 1.5 M tetraethylammonium tetrafluoroborate, TEABF 4 , in acetonitrile, CH 3 CN) where a diffuse layer is not expected to play a major role.
In our previous work, 11, 12 we questioned the applicability of the classical EDLC model to mesoporous carbons and introduced the effects of pore surface curvature.
This effort led to a heuristic model that assumes that locally each pore is essentially cylindrical. It follows that counterions approach the polarized pore surface to form an electric double-cylinder capacitor (EDCC), as shown in Fig. 1(c) . Similar to von Helmholtz's simplification, we approximated that the inner cylinder completely screens the charges on the pore walls. The corresponding capacitance formula involves the pore radius, as shown in Eq. (2):
where L is the pore length and a and b are the radii of the inner and outer cylinders, respectively. The doublecylinder capacitance is significantly affected by the pore's local curvature, giving a trend that the area-normalized capacitance, C/A, slightly increases with increasing pore size. 12 In the spirit of the theoretical evolution from the Helmholtz model to the GCS model for parallel-plate capacitors [from Figs. 1(a) and 1(b)], it is necessary to develop a double-layer capacitance model inside mesopores that includes a diffuse layer [from Figs. 1(c) and 1(d)]. Here, we confine our discussions only to the interfacial compact layer and the diffuse layer on the electrolyte side. The space charge layer capacitance on the carbon side is neglected as a result of the high conductivities of typical carbon materials, 6 which are related to the high density of states at the Fermi level and give rise to a small Debye screening length of charge carriers in the solid. 13 Our motivations come from the following open questions: How does pore shape affect capacitance? How much improvement on the EDCC model would one get for the calculated area-normalized capacitance when the diffuse layer effect is considered? Is electrolyte concentration effect on capacitance large enough to justify the subdivision of experimental data by concentration as done in Refs. 11 and 12? Although the diffuse layer in narrow pores has been studied in other contexts (most notably in electrokinetic sciences 14 ), we are not aware of any studies directly reporting the effect of the diffuse layer on the capacitance of mesoporous carbons. Additionally, the capacitance behavior of different pore shapes is not known. As such, the aforementioned questions are yet to be resolved. With this motivation, here we perform numerical calculations using the GCS theory to explicitly model the diffuse layer and the pore shapes and to explore their effects on the capacitance of mesopores. Although many details of the EDLs, such as the finite ion size and ionion correlation are neglected in this model, the GCS model has been shown to be able to reproduce the diffuse layer (the focus of this work) with reasonable accuracy. 15 For convenience, we will use the notation "the EDCC-d model" for the GCS-based model developed for mesoporous carbons where the "-d" refers to the inclusion of diffuse layer effects.
II. COMPUTATIONAL DETAILS
We consider an electrified and infinitely long cylindrical pore in equilibrium with a virtual electrolyte reservoir. We examined different pore sizes with corresponding diameters ranging from D ¼ 2 to 20 nm. Below 2 nm, there is no room for a diffuse layer (in fact, solvated or desolvated ions line up along the pore axis to store charges by forming an electric wire-in-cylinder capacitor). 12 Above 20 nm, the area-normalized capacitance approaches that dictated by the EDLC model. Following the GCS model, 10 the pore is divided into two regions: a Stern layer inaccessible to ions and a diffuse layer accessible to the ions. Similar to the Stern layer for a planar electrode in the original GCS theory, the Stern layer in a mesopore is the space between the pore wall (outer cylinder) and the closest approach of counterions (inner cylinder) with a thickness of d 
where c 1 is bulk electrolyte concentration, e the electron charge, N A the Avogadro number, k B the Boltzmann constant, and T the absolute temperature of 293 K. The dielectric constants in the Stern layer e r,s and in the diffuse layer e r,d are taken as 9.73 and 36, respectively, and the thickness of the Stern layer is fixed at 9.43 Å , to be consistent with the values obtained from the fit of experimental data for an organic electrolyte. 12 The electric potential f on the pore surface is set to 1.0 V, and that in the virtual reservoir connected to the cylindrical pore is set to zero. A potential difference of Df ¼ 1.0 V was chosen in accordance with the cell voltage on the order of 2 V for capacitors using organic electrolytes. Equation (3) was solved using the finite cloud method described in Ref. 16 . To avoid the numerical difficulties associated with modeling a discontinuity in the dielectric constant at the interface between the Stern and diffuse layers, the dielectric constant in a narrow band Fig. 1(c) ] centered on the edge of the Stern layer is assumed to change linearly from e r,s to e r,d . The band thickness 2d is chosen to be narrow enough so that the computed pore capacitance is independent of its thickness. The area-normalized pore capacitance is computed by
where s is the charge density on the pore surface:
s ¼ e r;s e 0 @f @r r¼D=2 :
In addition to cylindrical pores, we also simulated the double layer structures of slit pores. Slit pores have planar pore walls similar to that shown in Fig. 1(a) , except that each pore has two pore walls separated by a pore width of D on the order of nanometers (nm). Pore shape is an important factor to determine the pore filling of mesoporous carbons during gas adsorption experiments, from which specific surface areas and pore-size distributions are characterized. 17 Therefore, it would be enlightening to make a comparison of the double layer structures and capacitances between slit and cylindrical pores, which may provide insight on the pore shapes essential for gas adsorption analysis.
III. RESULTS AND DISCUSSION
Before addressing cylindrical pores, we first present the results for slit pores. Figure 2 shows the potential profiles as a function of position along the pore width with 1.0 M electrolyte. The potential drops linearly in the Stern layer, regardless of the pore size. The diffuse layer starts where the potential changes exponentially. It is obvious that the Stern layer is responsible for most of the potential drop and the diffuse layer only has a residual of less than 50 mV. The variation of pore potential reflects the effective thickness of the diffuse layer. For our simulations with a 1.0 M electrolyte, the effective thickness of the diffuse layer is about 0.5 nm. An exception exists for the slit pore with 2-nm pore width. The diffuse layer at one side of the pore overlaps with that on the other. 18 Consequently the diffuse layer is much thinner and the potential at the pore center (67 mV) does not fall to the bulk voltage of zero as in larger pores. However, the pore still retains its neutrality. Evidence for this is found from Monte Carlo simulations, which indicate that the deviation from electrical neutrality is negligible for nanoslits with a width greater than two ion diameters. 19 In the context of cylindrical pore capacitors, the pore size of 2 nm is right at the threshold for an EDCC to transform to a capacitor with counterions lining up along the pore axis and the existence of a diffuse layer is impossible inside the pore.
From the potential distributions, we calculated the area-normalized capacitance as a function of pore sizes. For the 2-nm pore, despite the nonvanishing potential at the pore center, we still used the potential difference of 1 V for consistency. Another reason to use 1 V is that in a real device, a pore cannot be infinitely long and therefore the potential drop should be the difference from the pore wall to the bulk solution. We note that this introduces an error but this error is negligible. We decomposed the total capacitance C into two components: the Stern layer part C s and the diffuse layer part C d . C s is computed by dividing the pore surface charge density by the potential difference between the pore surface and the edge of the Stern layer. As can be seen from Fig. 3 , the total capacitance and the Stern layer capacitance are nearly independent of pore width.
The diffuse layer capacitance C d is obtained by using
In comparison to C and C s , the diffuse layer capacitance is one order of magnitude larger so that its contribution to the total capacitance is negligible. For the smallest pores, it is weakly dependent on the pore width, which may be ascribed to the overlap of potential in the diffuse layer in these pores. 20 For large pores, the diffuse layer capacitance can also be calculated analytically using
where f d is the potential drop in the diffuse layer ( Fig. 2 ) and l d is the Debye length which is calculated as follows
where N A is the Avogadro number and c the concentration of 1 M. For an 8-nm pore, Eqs. (7) and (8) gave 228 mFÁcm À2 , which is the same order of magnitude as the value of 185 mFÁcm À2 shown in Fig. 3 and obtained from numerical simulations. The disparity comes from the intrinsic numerical errors in the finite cloud method. A finer grid would resolve this problem but may scale up the computational cost. We note that the difference between C and C s is only about 0.5 mFÁcm
À2
, and therefore a small error in total C can lead to a rather large change in C d . For example, an increase of total C only by 0.08 mFÁcm À2 would give rise to a C d of 228 mFÁcm À2 according to Eq. (6).
Cylindrical pores display a distinctive behavior compared to that of slit pores. Unlike slit pores, the potential drop in the Stern layer is not linear but rather convex. Figure 4 shows the variation of total capacitance and its two components with the pore diameter for cylindrical pores. The electrolyte concentration in the virtual reservoir is also 1.0 M. Here, we found that the total capacitance of cylindrical pores increases with increasing pore size, being consistent with the trend shown by the EDCC model. 11, 12 This different behavior from the slit pore can be ascribed to the surface curvature of the pore wall. Because the potential profile is convex for cylindrical pores but linear for slit pores, the derivative of potential at the pore surface, @f=@rj r¼D=2 , is smaller for cylindrical pores compared to slit pores at the same pore size, leading to smaller surface charge density and smaller total C according to Eqs. (4) and (5) . It is interesting to note that the pore curvature has the same effect on both C s and C d . It follows that the total capacitance exhibits the trend of increasing capacitance with increasing pore size. Similar to slit pores, the difference between the total capacitance and the Stern layer capacitance is only about 0.4 mFÁcm À2 . The diffuse layer capacitance is one order of magnitude larger and therefore its contribution to the total capacitance is negligible.
A diffuse layer forms from electrolyte ions under the influence of electric attraction and thermal motion, and therefore is largely dependent on the concentration of the electrolyte. Figure 5 shows the variation of the total pore capacitance as a function of pore size for electrolyte concentrations of 0.5, 1.0, and 1.5 M. The concentrations of 1.0 and 1.5 M are realistic for EDLC devices 21 while that of 0.5 M is only for exploration purposes. Also shown in Fig. 5 is the capacitance of planar electrodes for the same electrolyte concentrations. We observe that the total pore capacitance asymptotically approaches that of the planar electrodes as the pore size increases, and decreases only slightly as the electrolyte concentration decreases from 1.5 to 0.5 M. These results indicate that the effect of different concentrations is small, especially for smaller pores. Therefore, there is no need to subdivide experimental data according to their concentrations in the range 1.0-1.5 M. 22 In Fig. 6 we compare the area-normalized total capacitances of slit and cylindrical pores with a group of experimental data measured for template mesoporous carbons in the electrolyte of 1.0 M TEABF 4 in CH 3 CN by galvanostatic charge/discharge at low current density of 1 mAÁcm
. 23 Out of the 13 data points for the organic electrolyte in Ref. 23 , nine data points have pore size available and therefore are plotted in Fig. 6 . Among these, four data points belong to a bimodal pore-size distribution, i.e., the pore-size distribution curves have two peaks. Strictly speaking, the EDCC or EDCC-d model can only be applied to unimodal pores. However, we also included them in Fig. 6 by using their smaller average pore size, which turns out to be the main pores (see the pore-size distribution in Fig. 1 of Ref. 23 ). The qualitative comparison in Fig. 6 shows that only the EDCC-d curve reproduces the trend that the areanormalized capacitance slightly increases with increasing pore size. For larger pore size around 8 nm, the experimental data level off more quickly than the calculated results. Nevertheless, it can be concluded that for template mesoporous carbons, it is more appropriate to approximate the pores as being cylindrical instead of slit shaped.
Due to the large and bimodal pore-size distributions for the template carbons in Fig. 6 , we do not try to fit these data by the EDCC or EDCC-d model. For template mesoporous carbons with narrow pore-size distribution, we recommend using the simpler EDCC approach to fit the experimental data, even though the use of EDCC-d may yield slightly different and more accurate parameters of e r and d. Figure 7 compares the EDCC results with the EDCC-d results of Fig. 4 in terms of (C EDCC -C EDCC-d )/C EDCC . It is evident that the total capacitance is reduced by considering diffuse layer effects. However, the total capacitance is dominated by the smaller Stern layer contribution (compared to the very high diffuse layer contribution) for all pore sizes considered, and therefore the reduction in total capacitance by including the diffuse layer is marginal. Finally, we comment on the deviation of experimental capacitance from the EDCC (-d) model for carbons with larger pores (shown in Fig. 6 ). One reason for such deviation could be due to the large pore-size distribution of the carbons synthesized. It is important to note that the EDCC model is only applicable to mesoporous carbons with narrow pore-size distributions. For wide pore-size distributions, the small pore size portion of the pores can significantly reduce the overall area-normalized capacitance while the large pore size portion only marginally increases the overall capacitance. Another potential reason is related to the presence of thinner pore walls for larger pores where the space charge layer capacitance in the carbon becomes the dominant contribution to the overall capacitance. 20 We speculate that the EDCC model should be applicable to the entire pore size range from 2 to 50 nm, but we are not able to confirm this without any further experimental data for pore sizes larger than 10 nm. Further experimental studies are indispensable for new carbon samples with monodispersed pores in a wide pore size range and with different pore wall thicknesses that are synthesized and applied to capacitance studies.
IV. CONCLUSIONS
In summary, our results from PB simulations suggest that for template mesoporous carbons, it is more appropriate to approximate the pores as being cylindrical instead of slit shaped. We note that the actual overall pore shapes of most carbon mesopores are far from being cylindrical (even though some template carbons do show circular cross-sections for the pores). 22, 24 However, because the pores can locally be approximated by cylinders, we found that the EDCC(-d) model reproduced the experimentally observed trend remarkably well. We also found that diffuse layers play only a minor role in affecting the capacitance of mesoporous carbon supercapacitors. At a high electrolyte concentration around 1.0 to 1.5 M, diffuse layers have rather large capacitance, leading to a small contribution to the total capacitance. Even at the smallest 0.5 M concentration studied herein, the diffuse layer effect is marginal. This agrees with Conway's expectation that "The net charge density on the pore surfaces. . .will be already almost fully screened by the compact layer counterion charges and residually by a substantially collapsed diffuse layer only $0.5 nm in thickness."
1 Therefore, our earlier approximation of the EDL structure inside mesopores as electric double cylinder and our application of the EDCC model in Eq. (2) to the mesoporous carbon-based capacitors 11, 12 are now formally justified. For template mesoporous carbons with narrow pore-size distribution, we recommend using the simpler EDCC approach to fit the experimental data, although EDCC-d fit may yield slightly different and more accurate parameters of e r and d. The EDCC-d fit may be useful in other contexts such as electrokinetics. However, earlier subdivision of experimental data into different groups by concentrations 12 may be inappropriate, because the concentration effects are not as large as previously suspected. The deviation of area-normalized capacitance for carbons with larger pore size may be ascribed to the large pore-size distribution. Further experiments with well-controlled pore-size distributions are indispensable to confirm the theoretical findings presented here.
